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Abstract. We compute the fundamental group of various spaces of Desargues 
configurations in complex projective spaces: planar and non-planar configura- 
tions, with a fixed center and also with an arbitrary center. 



1. INTRODUCTION 

Let M be a manifold and J-k{M) be its ordered configuration space of /c-tuples 
{{xi, . . . ,Xk) € M'^lxi ^ Xj, i ^ j}. The k*^ pure braid group of M is the 
fundamental group of Fk{M). The pure braid group of the plane, denoted by VBn, 
has the presentation [4] 

7ri(J-„(C)) = VB^ - {a,, , l<i<j<n\ (YBS),,, (YBA),,) 

where generators aij are represented in the figure and the Yang-Baxter relations 

1 i — 1 i i + 1 i^l j i + 1 1^ 



OLi 




J + 1 



1 i — 1 i i + 1 J — 1 j 
{YB 3)„ and (YB 4)„ are, for any l<i<j<k<n, 

(YB3)n ■ aijaikajk = aifeajfea-y = ajkaijaik 

and, for any l<i<j<k<l<n, 

{YB4:)n ■ [aki,aij] = [aji,a~^aikajk] = [aii,ajk] = [aji, auaika'^i^] = 1. 

The pure braid group of S"^ « CP^ have the presentation (see [5] and [4]): 

7r,{Tk+i{S^)) = 1 < * < J < fc I {YB3)k, {YBA)k,Dl = 1), 

where Dk = Q;i2(ai3a23) ■ • ■ ("ifc ■ • ■ak-i,k) (in Bk, the Artin braid group, Dk is 
the square of the Garside element Afc, see [6] and [2]). In [2] we started to study the 
topology of configuration spaces under simple geometrical restrictions. Using the 
geometry of the projective space we can stratify the configuration space J^fe(CP"') 
with complex submanifolds: 



■i.n 
k 
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where J-^j" is the ordered configuration space of ah A;-tuples in CP" generating a 
subspace of dimension i. Their fundamental groups are given by (see [2]): 

Theorem 1.1. The spaces J^'" are simply connected with the following exceptions 

(1) for k>2, 

MJ'l+i) = {^ij, 1 < ^ < i < k\{YB^)k, {YB4)k,Dl = 1); 

(2) fork>3 and n>2, 

MJ'l+i) = Ki, l<i<j< k\{YB3)h, {YBA)k, Dk = 1). 

In this paper we compute the fundamental groups of various configuration spaces 
related to projective Desargues configurations. We do not use special notations for 
the dual projective space: if Pi, P2, P3 are three points and d\,d2, are three lines 
in CP^, (Pi,P2,P3) € J^3'^ is equivalent with the coUinearity of these points and 

(di, £^2, d-?) <E ^"3'^ is equivalent with the concurrency of these lines. We define D^'", 

the space of planar Desargues configurations in CP" (n > 2), by 

V'^ = {(Ai, Si, A2, B2, A3, 53) e Tl'^ I (di, d2, rfs) e Ai,Bi€di\ {/}} 
(here / = di n (i2 n ds). 




We consider also Pj'", the space of planar Desargues configuration with a fixed 
intersection point I G CP", defined by 

2??'" = { ( Ai , Bi , ^2 , B2 , ^3 , ^3) e I rfi n (i2 n d3 = /} . 



Theorem 1.2. The fundamental group ofVf" is given by 

Z©Z©Z ifn = 2, 
Z © Z ifn>3. 



7ri(P?'") 



The first group is generated by [a], [l3], and [a], and the second group is generated 
by [a] and [0]. Precise formulae for a,l3 and a are given in section 2; here is a 
diagram representing these generators (there is a similar picture for 




A? po 



a : Pi is moving on the line d^ \ {/°, Aj} a : the lines di and ^2 are moving 
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Theorem 1.3. The fundamental group of T)^'^ is given by: 

^1^^ > = \'L ifn>3. 

The first group is generated by [a] and and the second group is generated by [a] 
(or by [(3]); we wih use the same notations for [a], [/?], [a] and their images through 
different natural maps: V*'* V*'* , V*'* V*'*+\ V*'* V*'*+\ 

We define D^'", the space of non-planar Desargues configurations in CP" {n>3): 

V^'" = {{AuB,,A2, B2, As, Bs) G J^'" 1^10^20^3 = /, ^i, Bi e di\ {/}} 

and Pj'", the associated space of non-planar Desargues configurations with a fixed 

intersection point I S CP". 

Theorem 1.4. The fundamental group ofD^'" is given by: 

^ ^ ^ 1^ 1 ifn>A. 
Theorem 1.5. The fundamental group ofT>^'"' is given by: 

^ ' \ I if n>A. 

In the last two theorems, in the non-simply connected cases, the fundamental groups 
are generated by [a]. 

2. Desargues configurations in the projective plane 

In order to find the fundamental groups of the spaces T> = D^'^ and I>/ = T>]'^ 
we use two fibrations and their homotopy exact sequences. 

Lemma 2.1. The projection 

/i : P ^ , ( , Bi , ^2 , B2 , ^3, S3) / = (ii n da n 

is a locally trivial fibration with fiber Vj. 

Proof. Fix a point /° G CP^ and choose a line / C CP^ \ {/°} and the neighborhood 
Ul = \ Z of 7°. For a point / in this neighborhood and a Desargues configura- 
tion {Al, B^, A2, B2, A'^, B^) on three lines d1,d2,d'^ containing 7° construct lines 
di,d2,dz containing 7 and the configuration (Ai, 7?i, . . . , ^3, T^a) as follows: con- 
sider the points Di = Idd'- and Q = Idl^I and define di = IDi, Ai = diCiQA^ and 
in the same way Bi {i = 1,2,3). We describe this construction using coordinates to 
show that the map 

(7, (A?, B?, Bl Al 5°)) ^ (^1,51,^2, B2, As, B^) 

has a continuous extension on the singular locus (diUd^UdgX?). Choose a projective 
frame such that 7° = [0 : : 1], ^ : X2 = 0. If 7 = [s : t : 1] and A° = [n, : -m, : Oj], 
B'^ = [ui : —rrii : bi] {ai,bi are distinct and non zero and also Uinij ^ niiUj for 
distinct i,j = 1,2,3), then we define Ai = [m + sui : —rm + tai : ai] and Bi = 
[rii + sbi : —nii + tbi : (i = 1, 2, 3), and these formulae agree with the geometrical 
construction given for nondegenerate positions of 7 G CP^ \ (d? U ^2 U dg U Z). The 
trivialization over Ui is given by 

^-.UixVio^-y-^Ui), ^{l,{A'i,BlAlBlAlB"s))={Ai,Bi,A2,B2,As,Bs). 

□ 
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Lemma 2.2. The projection 

X:Vi^J^3{CP'), {Ai,Bi,A2,B2,A3,B3)^{di,d2,d3) 

is a locally trivial fibration with fiber J^2(C) x J^2(C) x J2(C). 

Proof. Fix a point = (d?, d!]) in TsiCP^) and choose a point Q in CP^ \ (d? U 
d§ U rfg) and the neighborhood iYg = {((^1,^2,^3) G 7"3(CPi)|(3 ^ di U ^2 U da}. 
The trivialization over i^g is given by 

^■.Uqx J-2(d? \ {/}) X J-2(d^ \ {/}) X T2{dl \ {/}) ^ A-i(i^Q) 

^^((^1,^2, da), (A?, B?), (AlB"^), {AlB",)) = (Ai, Bi, A2, B2, A3, i?3), 

where = n (5^° and similarly for Bi{i = 1,2,3). Obviously, Ai, Bi and I are 
three distinct points on dj. □ 

In I'/o^foiOii] we choose the base point D° = {Al, B'^, S^, A!], B^) where, for 
k = 1,2, Al = [-l:k: 1],B°, = [-1 : k : 2],A§ = [0:1: l],i?30 = [0:1:2]. 
The corresponding lines are given by the equations d^J : kXo + Xi = 0. d!^ : Xq = 
and wc identify the affine line C with d1 as follows: for /c = 1, 2, z h-^ [—1 : k : z], 
and for fc = 3, z [0 : 1 : z] (therefore the intersection point /" = [0 : : 1] 
is the point at infinity of these lines). Wc identify the set of three distinct lines 
through with the configuration space J-'3(CP^); in this space the base point is 
d° =■ {d\,d%^,d%). In the configuration spaces Tiidti \ {/°}) we choose the base 
points (j4", _B"), i = 1, 2, 3. The homotopy exact sequence from Lemma 2.2 and the 
triviality of 7r2(J-3(CP^)) (see [3]) give the short exact sequence 

1 ^^i(J-2(C)) X 7ri(J-2(C)) X 7ri(J-2(C))4^i(P,o)^^i(J-3(Cpi)) ^ 1. 

Proof of Theorem 1.2 (the case n = 2). The first group, isomorphic to Z'^, is 
generated by the pure braids a, b, c, hence their images in 7ri('D7o) are given by the 

— V — 

a ^ rf?\{70} 
A? B° 

homotopy classes of the maps a,f3,j : {S^, 1) — s- (X'/o, £)") 

a{z) = iAlBt^^\AlBlAlBl), = [-1 : 1 : 1 + z], 

P{z) = {Al BlAl ^\ Al S3O), ^) = [-1:2:1 + ^], 
7(^) = {A'i,BlAlBlAlB2^% Bj^^^ = [0:1:1 + ^]. 

The third group, 7ri(J^3(CP^) = Z2, is generated by the homotopy class of the map 

s:{S\l)^ (MCP^), dPj, z ^ (di^^^ : zXq + Xi = 0, ^2^^' : 2.2X0 + Xi = 0, rf^), 

because this corresponds to the braid 0:12 in CP^. We lift the map s to the map 

a : {S\l) ^ {V°„D°),z^{AI^^\b^,^^\a'^2^^\b^2^^\aIbI), 

where Al'^''^ = [-1 : kz : 1], B^^'^ = [-1 : kz : 2], k = 1,2. 




Al B^ 
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The group 7ri(X'/o, D*^) is generated by the homotopy elasses of a,/3,7 and 
cr; the defining relations are commutation relations between [a] , [/3] and [7] from 
7i'i(^2(C)^) and the four relations, to be proved in the next two lemmas: 



a) [a][a][a] ^ — 

P) [a][/3][a]-i = 

7) M[7]M-i = 

a) [a]2 = [a]-M 



[a\, 
[7] 



-M7]. 



The generator [7] can be eliminated, [cr] commutes with [a] and [/3], and the third 
relation, 7), is a consequence of the previous commutation relations. □ 

Lemma 2.3. In 7ri(2?/o, the next relation holds: 
a) [<7]2 = [a]-M/3]-M7]. 

Proof. The map 

where 4^""' : {kz - r)Xo + {z + kr)Xi = 0, (fc = 1, 2), and ^''^ : zXq + rXi = 
(the notation r = 1 — will be used in this proof and the next ones), shows that 
~ constantrfo . We lift this homotopy to 



A:D^^Vjo,A{z) = {A^^'>,B^ 



A(z) „Hz) .A(z) r^Hz) .A{z) „Hz) 



r>Hz) aH^) oH^h 
,r>2 , ^3 ,.03 ), 



where A 



and A 



A{z) 



kr : kz 

,A{z 



r:z],Bt'^^ 



—z — kr : kz 
[—r : z : zjjB'^^""' = [—r : z : z + 1]; the map 

A\s.:S' ^Vjo,z^ {Al,BlA^2,BlAlBl 



r:z + l], (fc = l,2). 



(with Al = [-1 : : 1], Bl = [-1 : kz"^ : I + z], k = 1, 2, and B| = [0 : Ij l + z]) 
has a trivial homotopy class, therefore we have the relation [a]^ = [cr*cr* (Ajgi)"^]. 
Now we construct a homotopy between cr * cr * (A|5i)~^ and * * 7: 



L-.S^xI^Vjo, {z,t) H. {A^^^'*>,B^ 



L{z,t) T3L{z,t) .L{z,t) T3L{z,i) 



B^^^^'\AlB^,^'''^) 



where (fc = 1, 2): 

jL(z,t) , 

and 

L\z,t) = 

Ll{z,t) = 



B'. 



-1 : kL^{z,t) : l],B 
L(z,t) _ / [0:1:2] 



L(z,t) 



[0 : 1 : 1 + 



exp(4t7ri) 

—i 
z^ 



1 + exp (4 
2 



(2 — A;)t7r — arg; 



--{-\:kL^{z,t):Ll{z,t)\ 

< argz < TT 
TT < arg^; < 27r, 



< argz < t-K 

tiT < argz < (2 — t)Tr 

(2 - t)Tr < argz < 27r, 

< argz < ^±|=^7r 

^^<argz<i±Mi^ 

i±^E|^7r<argz<27r. 



It is easy to check that L(-,0) = (a ^)*7 and L(-, 1) = (cr*cr)*(A|si) ^. □ 
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Lemma 2.4. In 7ri(X'/o, the next relations hold: 
a) [a][a][a]-^ = [a]; 
(3) [a][/3][a]-i = [/?]; 

7) MWM-^-W- 

Proof. The loop cr*a*cr-i inP^o is given by z n^Jvlf ^\ ^4°, 5°), 

where the points ylf (fe = 1, 2), sf^^^ and sf^^^ are given by : 

Ak = [-1 : kz^ : 1] Bi = [-1 ■.z^:2] B2 = [-1 : 2z3 : 2] argz € [0, ^] 

Afc = ^o Bi = [-1 : 1 : l + 52-5° argze[f,f] 

Ak = [-1 ■ kz^ : I] Bi = [-l:z^ -.2] = [-1 : 2^3 : 2] arg^ e 27r]. 

We define two maps 

< argz < ^TT 



e : 51 X = <( exp(2i7ri) f tt < argz < 



3 " ^ "-6^ ^ 3 



TT 



-3 ^(^TT < arg^; < 27r, 

^i^^vni 2 arg^eIO,f]U[f ,27r] 



and a new homotopy 

Ko,{z,t) : 5^ X / ^D/o, = {Ai{z,t),Bi{z,t),A2{z,t),B2{z,t),Al,Bl), 

where .4fe(z,f) = [-1 : ke{zj.) : 1], Bk(zJ) = [-1 : ke{zA) : 2], (fc = 1,2), 
B\{z,t) = [—1 : e{z,t) : 'q^z)]. One can check that Ka.\t=Q — cc and Ka\t=i = 
a*a*(j~^. Similarly we have a homotopy Kp between /3 and Kp\t^\ = (j*(3*a~^. 
Next homotopy (we also use the notation B^{z,t) = [0:1: r}{z)]) 

Kj{z, t):S^xI^Vio, {z, t) ^ {Ai{z, t), Bi{z, t),A2{z, t), B2{z, t), A^, Baiz, t)) , 

gives the last relation: -ft'^|t=o — 7, K^^^^i =(7*7* a~^. □ 

Proof of Theorem 1.3 (the case n = 2). Lemma 2.1 gives the exact sequence 

. . . — ^ 7r2(CP^) e z e z ^ -Kiiv) i 

where the first group is cyclic generated by the homotopy class of the map 

$ : (-D^ ^ (CP2, /°), 2 [0 : r : z]. 

We choose the lift 

$ : {D\S^) ^ (2?,P,o), z ^ (4'^'\i?f''\4*'\B2**'\4'*'\^3**'^ 
where (fc = 1, 2) 

aI^"^ = [-1 : (2fc + l)r + A:z: (2fc+l)z + A:(r-2)], 
bI^"^ = [- 1 : (2A: + 2)r + A:z : (2fc + 2)z + A:(r-2)], 
= [-r :^ + 4r :4^-3(r+l)], 
= [-r :^+5r :52-3(r+l)], 
hence Im 5* is generated by the homotopy class of the map 

$1^, : 51 ^ 7^,0 , . ^ {At^^\Bt^'\At^^\Bt^^\At^^\Bt^^^), 
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with (fc = 1,2) 

A*^-"' = [-1 : kz : {2k + \)z - 2fc], B*'^' = [-1 : kz : {2k + 2)z - 2fc], 
Al^'^ = [0 : : 4^ - 3], bI^'^ = [0 : : 5^ - 3]. 

The maps A o $1^^ and coincide, therefore the product [^j^i] • [f] belongs to 

ker A» = Imj*. We show that • [c] = [a] • • [7] and this impUes the claim 

of the theorem. We define the homotopy: 

where [k = 1, 2) 

= [0:1: H^z, t)] B"^''*^ = [0:1: H^z, t) + H^{z, t)] 

and 

< argi; < tn 

Hl{z,t) = I kexp{-2t'Ki) t7r < argz < (2 - t)7r 



HIM 
H%z,t) 




(2 - t)-K < argz < 271-, 
- 1) < argi; < tt 

TT < argz < 27r, 
1) < argz < TT 

TT < arg2; < 27r, 



< argz < ii^TT 
2 ' 

2arg0-(l-t)7r.. ^ 2 



^ ' < axgz <2-K, 

< argz < ^^TT 



Hl{z,t) = { exp(2^^^^^-A^^i) ^n<^rgz<n 
^ + * TT < arg2: < 27r. 

1 < arg2 < (1 -t)7r 

H^{z,t) = { exp[4(arg2- (1 -t)7r)i] (1 - i)7r < argz < (2 - f)7r 
1 (2 - i)7r < arg z < 27r. 

These computations give Im(5* = Z(2[a] + 2[/3] + [a] ), therefore we can choose [a] 
and [/3] as generators of the fundamental group of V. □ 

3. Planar Desargues configuration in CP" 
First we reduce the computations of 7ri(r'j'") and of 7ri(X>^'") to the case n = 3. 
Lemma 3.1. The following projections are locally trivial fibrations: 

a) Vf^ ^Vf"" ^Gv\CF''-^), {AuBuA2,B2,A3,Bs)^line{dud2,ds); 

b) X>2'2 ^ ^ Q^2^cp„-)^ {AuBi,A2,B2,A3,B3)^2-plane{dud2,d3). 

Proof, a) Fix a 2-plane Pq through I and choose a hyperplane H c CP" such that 

I ^ H and an {n — 3) dimensional subspace Q C H such that Q fl = 0, where 
Zo = -Pq n H. Take as a neighborhood of Pq the set {P a 2-plane in CP" | / € 
P, P n Q = 0} and associate to a Desargues configuration in Vi{Pq) the projection 
from Q, an element in Vi{P): = d° n /q, / = P n ff, C, = (Q V (7°) n /, 
Qi = Qn {CiCf), di = Id, Ai = QiA° n di, Bi = Q,B° n di (for z = 1, 2, 3). Using 
projective coordinates one can show that this trivialization is well defined on the 
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singular locus P = Pq: if / = [0 : . . . : : 1], Pq : = • • • = = 0, yl^ = [0 : 

■■■■■ a°n-2,i ■■ a^i.i : Bf = [0 : . . . : b^.^,, : bl_,^.^ : 6°,,], and P is defined by 

the equations Xk = PkAXn-2 + Pka^n-i + Pk,dXn (/,; = 0, . . . , n - 3), then = 

\P0,0O"n-2,i +PO,ian-l,i : ••• : Pn-3,oan-2,i + Pn-3,l1n-l,i ■ 0'n-2,i • • 
Bi = \po,obn-2,i +PO,lbn-l,i : • • • : Pn-3,obn-2,i + Pn-3,lbn-l,i : &°_2,i ^ ' 

b) Fix a 2-planc Pq and choose as center of projection a disjoint n — 3 dimensional 
subspace Q. Take as a neighborhood of Pq the set of 2-planes disjoint from Q. The 
projection from Q associate to a Desargues configuration in I>^(Po) a Desargues 
configuration in V'^{P) : P n (Q V /°) = /, P n (Q V d?) = di, di n {Q V A°) = 
A„ diCiiQW B°) = Bi. □ 

Corollary 3.2. For n >3 we have 

a) 7ri(©?'3)-7ri 

b) TTi (1)2,3) ^^^(D2,n)_ 

Proof. This is a consequence of the stability of the second homotopy group of the 
complex Grassmannians: 

7r2(Gri(CP2)) — ^ 7ri(pf ) — ^ 7ri{V^/) — ^ i 

I- I- i 

7r2(Gri(CP"-i)) — ^ 7ri(I?f ) n^ivf") — ^ i 



and also 



1= 1= i 

7r2(Gr2(CP")) — ^ TTl (1)2,2) _^^^p2,n)_^^ 



□ 

Using the fibration of Lemma 3.1 a) for n = 3 we have the exact sequence 

. . . ^ 7r2(Cp2) ^7ri(D2'2) ^ 7ri(I?2'3) ^ i. 

We choose the base point in V^'^ the image of the base point in Vj through the 
embedding [xq ■ xi : X2] 1— >■ [xq : xi : X2 '■ 0] and we denote the compositions 
a,p:S^^ V]'"^ V}^ with the same letters. 

Proposition 3.3. In the exact sequence of the fibration V^'^ — >• CP^ we have: 

b) TTiiV}^) ^Z®!' is generated by [a] and [l3]. 

Proof, a) The base point in Gr^(Cp2) w CP^ is the line = (in the dual space 
of lines through /° = [0 : : 1 : 0]) and we choose the generator of ■K2{CP^) the 
homotopy class of the map 

n : (£)^ S^) Gri(Cp2), z ^ {1 - \z\)Xi + zX^ = 0. 
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The lift n : Z)2 p2,3^ ^ ^ {A^^^\Bf^'\A^^'\Bf'''\Af^'\Bf^'^) is given by 
(fc = l,2) 

= [2r|2| -l:kz:l: -kr], A"^^^ = [0 : z : z : -r], 
= [2r|z| - 1 : fcz : 2 : -fcr], B^'^''' = [0 : z : z + 1 : -r], 

where the corresponding lines are 

d]!^"'' : kXo + zXi - rXg = 0, rXi + zXa = 0, d^^"'' : Xq = 0, rXi + zXs = 0. 
The homotopy 

M:S'xI^Vf^, {z,t)^{A^^'''\B^^'''\A^^'''\B^^'''\AlB^^''*^), 

where = [-1 : kmi{z,t) : 1], B^^''*^ = [-1 : kmi{z,t) : 2], and fif = 

[0:1:1 + m2{z,t)] are defined by: 

I 1 (2 — ijTT < argz < 27r, 

/ I J. < arg z < tn 

^2(^'*) = I ea.p(2 ^"-_^;g^ ) t."<a?gz"<2., 

shows that the restriction nl^i and the loop a*j~^ are homotopic. Using this and 
the relation [7] = [a] + [/3] + 2[a] we find (5*([n]) = [nl^i] = -[a] - [/3] - [a]. 
b) The second part is a consequence of part a). □ 

Proposition 3.4. The fundamental group of V"^'^ is isomorphic to Z and it is 
generated by [a] (or by [^]). 

Proof. This is a consequence of Proposition 3.3 and the computations in section 2: 
7r2(CP2) = Zm) 7ri(Pf ) = Z{[a], [a]) — tti (1^2,2) _^ ^ 

7r2(CP3) = Z([$3]) n,{V'/)=Z{[a],[l3]) n,{V^'^) —1 



hence = i^S^m = = ^*(2[a] + 2[/3] + [a]) = [a] + [(3]. □ 



4. NoN PLANAR Desargues Configurations 

First wc analyze the fundamental group of two three-dimensional configuration 
spaces X>f = Vf'^ and = D^.s 

Lemma 4.1. The following projections are locally trivial fibrations: 

a) .F2(C) X J-2(C) X7-2(C)'-^ V^j^J^l^ (Ai, 51,^2,^2,^3,^3) ^ (^1,^2,^3) 

6) Df M> i>3 ^- cp3, (^1,51,^2,52,^3,^3) H.7 = dinc;2nd3. 

Proof. The proofs are similar to those of Lemmas 2.1 and 2.2. □ 
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Proof of Theorem I.4 (the case n = 3) . We modify a little the previous notations: 
the base point in these solid Desargues configurations are related to the center 
/° = [0 : : 1 : 0] and to the points: 



A0 = [0 



0:0:1], B'l = [0 



: 1 : 1], : Xo Xi = 0, 



1 : 1 : 0], : Xo = X3 = 0, 
0:1:0], : Xi = X3 = 0. 



A° = [0:1:0:0],B"^ = [0 
^0 = [1 : : : 0], = [1 
Using the fibrations of Lemma 4.1 we find 

7r2{J'^'^)hMMCf) ^I?^ MV%) ^ 1, 
where the first group is isomorphic with 7r2(J-2(CP^)) =1? = \B\) (use the 

fibration * ~ CP^ \ CP^ ^ jf'^ J'2(CP2)); the homotopy classes \F\ and \B\ 
correspond to the free generators of the second homotopy groups of the fiber and of 
the basis respectively, in the fibration (see [3]) CP^ ~ (CP^ \ {*}) M- J'2(CP2) -)■ 
CP2: 

where df : zXq — rX\ = = X3 and dj^^-* : rX[) + 'zX\ = = X3, and also 

where df^^^ : zXq - rXs = = Xi, df^'^^ : rXo + zXs = = Xi. Choosing the 
lifts F,B: {D^,S^) ^ (l?|o,^2(d?) x J-2(d^) x 7-2(d^)): 



with 

respectively 
with 



= [r : z : : 0]. bI^'^ = [r : z : 1 : 0], 
4^'^ = [z : -r : : 0], B^^'^ = [z : -r : 1 : 0], 

B{z) = {Af^'\B^^^\AlBlAl^^'\Bl^'^) 

= [r : : : z]. sf = [r : : 1 : z] 
= [z : : : -r], = [z : : 1 : -r], 

we obtain the equalities (5*([-F]) = — [&] + [c], (5*([i?]) = — [a] + [c]. Therefore we 
proved that 

Corollary 4.2. The fundamental group of the space X>| is infinite cyclic generated 
by [a]. 

Using the second fibration of Lemma 4.1, we find the exact sequence 

^^2(CP3)^^l(I?3„) ^7ri(p3) ^ 1 

where the generator : {D"^, S^) (CP^, /°), z 1-^ [r : : z : 0] has the lift 
$ : {D^S') ^V\z^ {Al,B^^^\Al,Bl^^\At^^\Bt^^^), 

with 

Biy = [r : : z : 1], ^2*^"^ = [r : 1 : z : 0], 
A^^'^ = [z : : -r : 0], B^'''^ = [r + z : : z - r : 0]. 
Therefore 5*([*]) = [^jS'^] = [a] + + 2(7] = 4[a], and we proved: 
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Corollary 4.3. The fundamental group of the space V'^ is cyclic of order four and 
it is generated by [a]. 

Proposition 4.4. 

7ri(P?'^)^7ri(D?'") (n>4); 

7ri(r'3'^) ^7ri(r'3'") (n>4). 

Proof This is like in 3.2. □ 

Proof of Theorem 1.4 and of Theorem 1.5. We show that 7ri(X'j''*) = 1; this imphcs 
that 7ri(X'^''^) = 1. Choose as a generator for the fundamental group of the space 
of 3-planes in CP^ containing the fixed point 7 = [0 : : 1 : : 0] the class of the 
map 

S : (D^ S'^) ^ (Gr2(Cp3), X4 = 0), 2 rXi - zX^ = 0. 

The Uft 

where A?" = [0 : : : 1 : 0], . . . , = [1 : : 1 : : 0] are fixed points and 

A2 = [0 : 2 : : : r], B^^^^ = [0 : 2 : 1 : : r], 
shows that 5* : 'k^{Qx^{&^)) TTiiVfo^) is an isomorphism. □ 
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